In consideration of fractional calculus and integral operator, some complex equations and/or inequalities specified by certain multivalently analytic functions in the unit open disk are first presented and then certain consequences in relation with analytic and geometric properties of certain multivalent functions are pointed out.
Introduction, Definitions and Preliminaries
It is well known truth that fractional calculus is both an important branch of classical mathematics, which deals with the generalization of operations of differentiation and integration to fractional order, and a comprehensive research field of mathematical analysis which may be taken for an old as well as a modern topic. Fractional calculus is an old topic because of its long history starting from some notes and ideas of G. W. Leibniz and L. Euler. On the other hand, it is a modern topic due to its enormous development during the last two decades. As is known, the present interest of many scientists and engineers in the theory of fractional calculus has been initiated by applications of this theory as well as by new mathematical challenges. In the same breath, fractional differential equations (or, also known as extraordinary differential equations) are obtained by generalizing differential equations to an arbitrary order. Since fractional differential equations are used to model complex phenomena, they also play a crucial role in engineering, physics and applied mathematics. Therefore, they have been generating increasing interest from engineers and scientist in recent years. Since fractional differential equations have memory, non-local relations in space and time, complex phenomena can be modeled by using these equations. Due to this fact, materials with memory and hereditary effects, fluid flow, rheology, diffusive transport, electrical networks, electromagnetic theory and probability, signal processing, and many other physical processes are diverse applications of fractional differential equations.
The object with this work is to present an investigation relating to some comprehensive results between certain types of complex fractional (differential) equations and complex functions with one variable, which are (multivalently) analytic functions in certain domains of complex plane, and to reveal some analytical and geometrical properties of them. We also note that our results include a number of the earlier results given in [6] . For our purpose, we need to introduce certain notations and definitions, and also to recall a few well known assertions.
Firstly, here and throughout this paper, let R be the set of real numbers, let C be the set of complex numbers, let N be the set of positive integers, let U be the open unit disk, that is, that the set U := z ∈ C : |z| < 1 .
Let also H(U), H p and A p be the families of all functions which are analytic in the disk U, the family of analytic functions in the following forms:
and the family of multivalently analytic functions in the following forms:
respectively. Additionally, let H := H 1 and R * := R\{0}. It is clear that H p ⊂ H(U) and A p ⊂ H(U).
For the parameter γ (γ > 0) and an analytic function f (z) in A p , we want to recall the following integral operator:
where the function Γ is well-known gamma function.
By applying the operator given by (3) to a function f ∈ A p , we can easy to determine that
For the details of the operator and also some of its applications, one may center on the results or the works in the references in [6] , [11] and [14] . In view of (4) and also after certain calculations, the following identity in relation with the operator given by (3):
can be easily obtained, where γ > 0 and f ∈ A p .
Next, the most frequently encountered tools in the theory of fractional calculus (that is, differentiation and integration of an arbitrary real or complex order) are presented by the familiar differ-integral operator c D µ z (·), defined by
provided that the integral exists. For c := 0, the operator D µ z (·) given by
corresponds essentially to the classical (Riemann-Liouville) fractional derivative (or integral) of order µ or −µ . In special, for the function f (z) = z κ , of course, with c := 0, it is easily seen that
For further details of the related definitions and their applications, and also for some results relating to both certain fractional (differential) equations and multivalently analytic functions, one may refer to the works [1] , [6] , [7] , [8] , [9] , [10] and also [13] .
For the main result, there is a need to recall the following well-known assertion, which is Lemma 1 and also obtained by [12] . where κ ≥ 1 2 and a ∈ R * .
An Extensive Result and its Proof
We begin by setting and then by proving the following result consisting of certain equations or inequalities in the complex plane.
Theorem 1. Let a function Φ(z) in the class H U satisfy any one of the cases of the following inequality:
If a function f (z) belonging to the class A p is a solution for the following complex type fractional equation:
where γ > 0, 0 ≤ α < p, 0 ≤ µ < 1, p ∈ N and z ∈ U.
Proof. In consideration of (2), (4), and (6) and also after some elementary calculations, one can easily determine:
Next, define an implicit function q(z) by
where
and Ω n (p, µ; γ) := Γ(n + 1)Γ(p − µ + 1) Γ(n − µ + 1)Γ(p + 1)
It is obvious that q(z) is a member of the class H. In short, q(z) is an analytic function in U and q(0) = 1. By means of (9) together with (5) , it is easily established that
By taking into account (10), it follows from (12) that
In view of (12), clearly, the complex function Φ(z) satisfies the fractional equation given by (7) .
Supposing now that there exists a point z 0 in U such that e q(z) > 0 |z| < |z 0 | , e q(z 0 ) = 0 and q(z 0 ) = 0.
By applying the assertions of Lemma 1, which are q(z 0 ) = ia and zq (z) q(z) z=z 0 = ic a + 1 a c ≥ 1 2 ; a ∈ R * and using the following inequalities:
respectively, then (13) yields that
since c ≥ 1/2 and α/p − 1 < 0. It is quite obvious that the inequalities given by (14) are contradictions with the assumptions given by (8) , respectively. Hence, the statement, given by (10) , yields the the inequality in (9) . Therefore, the desired proof is completed.
A few Analytic and Geometric Consequences
By taking aim at the main result, namely, Theorem 1, it is easy seen that there are several comprehensive applications of theorem which has important role in the theories of analytic functions and (certain types of) complex (fractional type differential) equations, as consequences of the main result. In special, some of the consequences of Theorem 1 are important results for the theory of analytic and geometric functions (see, [2] and [4] , and see, for example, [5] , [10] and [9] ). For both these and the other possible consequences of Theorem 1, it is enough to choose appropriate values of the parameter(s) in the related theorem. Of course, it is not possible to determine all of them. But, particularly, as example, we want to focus on only three consequences of them, which deal with an interesting results consisting of both certain complex (fractional type) differential equations and multivalently analytic functions, which are below. The other possible consequences of all theorem (which are here omitted) are presented to the attention of the researchers who have been working on the theories of (complex) differential equations and/or (multivalently) analytic functions in certain domains of the complex plane.
Firstly, by choosing suitable values of the parameter µ (and also by taking into consideration the well known identity given by (5)), the two-earlier results, which obtained by [6] and also include (both analytic and) geometric properties are obtained by the following remarks. Remark 1. In view of (5), by taking µ := 0 in Theorem 1, the result obtained by [[6], Theorem 2.1], which also includes multivalently close-to-starlikeness of order α/p (0 ≤ α < p; p ∈ N), is then achieved. Remark 2. By taking µ → 1− in Theorem 1, the result obtained by [6, Theorem 2.2], which also includes multivalently close-to-convexity of order α (0 ≤ α < p; p ∈ N), are also attained.
Lastly, by letting γ → 0 + in Theorem 1, the following result is established by corollary 1. Corollary 1. Let the function Ψ(z) be in the class A p and also satisfy any one of the cases of the inequalities given by (7) . If a function w := f (z) belonging to the class A p is a solution for the following complex type equation given by
where 0 ≤ µ < 1, 0 ≤ µ < p, p ∈ N and z ∈ U
